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Some recent results from a problem in viscous hydrodynamics have suggested 
a novel type of boundary value problem. The usual specification of boundary 
data has been in part replaced by certain functional type conditions. A general- 
ized version of the problem is proposed, and a uniqueness theorem is proven. 
1. INTRODUCTION 
In a recent paper [l], the author presented some explicit solutions to those 
linear equations of viscous hydrodynamics which are due to Oseen. The 
construction of those solutions was effected by demonstrating the connection 
between the Oseen equations and a rather novel type of boundary value 
problem. Essentially, the boundary value problem requires that a function 
~(xi , x,; A) be found to satisfy the partial differential equation 
u Zlrl + ux,x, - 2 hu,l= 0, 0 <x2 < co, --co < x1 < co (1.1) 
and boundary conditions 
where h(x,) is given and h is a real parameter. 
We see that the novelty of this problem lies in the boundary condition (1.4). 
In the classical types of linear boundary value problems, either u(xl , 0; A) or 
its normal derivative u,,(xi , 0; A) would be specified for x1 3 0. For the 
problem here, this usual specification of data has been replaced by a pair of 
functional type conditions with respect to the parameter A. In particular, 
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the first functional condition implies that i~,~(x, , 0; A) is independent of A 
for x1 > 0; while the second condition provides a functional relationship 
(with respect to A) between u(xI , 0; A) and h(x,) for each x, > 0. 
Solutions of the boundary value problem (1.1-4) were given for several 
choices of @xi) in Ref. [I], but no effort was made to study the underlying 
structure of such a problem. The purpose of this note is to suggest a general- 
ized form for this kind of boundary value problem and to prove a uniqueness 
theorem for the solution. 
2. FORMULATION OF THE PROBLEM 
Let us consider Q to be the set of points x = {xJ, i = 1,2,..., R which 
form a bounded domain in Rn with sufficiently smooth boundary X?. Let I 
denote some bounded closed set in R1 which represents the domain of interest 
for the parameter A. We will be concerned with solutions of the elliptic 
equation 
where u = u(x; A), ai = a,(x; A), a, = a,(%; A), and the repeated indicies 
imply summation from one to n. 
To formulate the boundary conditions on the solution of Eq. (2.1), we 
will consider a partition of aS2 into three components. First, let y and r be 
disjoint regions of the boundary such that aQ = y u P. Specify that 
u(x; h) = f(x; A), x E r, h EI. (2.2) 
Let y be characterized by the geometrical condition 
aivi < 0, XEY, h EI, (2.3) 
where v = (vi> denotes the outward normal to 8sZ. Further, we let y1 and 
yz be disjoint regions of the boundary such that y = yr u ya and require that 
u,(x; A) = g(x; A), XEYl, h EI, (2.4) 
where u,, = viuzd . 
Thus far, our boundary value problem has taken a classical form. The 
novelty of the problem will lie in the conditions of functional type imposed 
upon the solution of Eq. (2.1) on that part of the’boundary yz. In order to 
complete this specification of boundary conditions, we must introduce a 
suitable framework for the functional operations. 
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Let B be a Banach space of functions o(h) which are continuous for all 
h E: I. In the sense of Krasnoselskii [2], we shall also consider the cone K C B 
of functions w(A) > 0, h ~1. Let F(o), er E B, be a bounded linear functional. 
Moreover, let F(v) be positive with respect to the cone K, so that F(v) >, 0, 
ZI E K. It follows that 
F(v) >, F(w) whenever v > w; v, w E K. (2.5) 
In terms of this functional, we conclude the specification of boundary 
conditions as 
qc,u + C2%) = h(x), 
F(c,u + Cl%) = q$4 + Cl% , XEY2, (2.6) 
where h(x) is given; and cl(x), c2(x) are continuous functions of x, independent 
of A, and satisfy the inequalities 
c&3 > 0, Cl2 + $2 > 0, XEY2. (2.7) 
We shall add one further condition as to the nature of that part of the bound- 
aiy y2 . It is desirable to have y2 independent of the parameter X in the sense 
that if w(h; x) E B for every x E y2 , then 
(2.8) 
The functional type boundary conditions (2.6) represent a natural abstrac- 
tion of those given by the conditions (1.4). With this generalized version of the 
boundary value problem mentioned in Section 1, we will turn our attention 
to the question of uniqueness of a solution to such a problem. 
3. UNIQUENESS THEOREM 
To develop a uniqueness theorem for the homogeneous form of the bound- 
ary value problem of Section 2, we must define an appropriate space of 
functions D. We say that u(x; A) E D if u E C2(Q), Cl(a) for all X E I, and 
u, u,~ E P(1) for all x ED. Thus we are able to consider the following: 
THEOREM. Let u E D be a solution of the boundary value problem of Section 2 
with f = g = h E 0. Moreover, let a,, aiai E Co@) and 2a, - aiEi < 0 in jLi 
for all h E I. Then u = 0. 
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Proof. The well-known energy integral 
$ u,,u,, dx = 4 j-, (2a, - a,,,) u2 dx + s, (uu, + &ziviu2) dS (3.1) 52 
follows from Eq. (2.1). From conditions (2.2-4) and the hypothesis of the 
theorem, there follows the inequality 
o<, s u,,u,, dx < I uu, dS, AEI. s2 72 
From this inequality and the hypothesis of the theorem, it is clear that 
Jn uziuzi dx, JYz UU, dS E K, so that Eq. (2.5) is applicable and yields 
(3.3) 
Then, since uu, E B for every x E y2 , we can use the commutative property 
(2.8) to obtain 
O<F 
(1 
I < F(uuJ dS. (3.4) R 
u,,u,, dx 
1 s Y2 
From the homogeneous functional type boundary conditions (2.6) it foIlows 
that 
F(uuJ = (cl2 + c,~)-~(F[(c,u + ~24~2~ + ~141 - c,cZ(u2 + u,2>> 
= (cl" + c~“)“{(c,u + cly) F(c,u + w,) - c,c2F(u2 + u,2)> 
= -(cl” + C2yC1C2F(u2 + u,2), XEY2. (3.5) 
Thus expression (3.4) implies that 
F (j- u,,u,, dx) = 0. (3.6) 
P 
and since F is a bounded linear functional on B, we must have that 
Sn u,,u, dx = 0 for all h E I. Therefore u must be constant in liLi and since 
u = b, k E I’, we conclude that u = 0. 
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